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Abstract – In cells, phase-separated liquid condensates interact mechanically with surround-
ing elastic networks such as chromatin and cytoskeleton. By considering the trade-offs between
elastic, wetting, and interfacial energies, we theoretically show that three droplet phases can be
thermodynamically stable: macroscopic droplets that either cavitate or permeate the network,
and mesh-size–limited microdroplets. We show that network strain stiffening further enhances
this latter size-limitation effect. Our theory predicts the possibility of yet-unobserved droplet
phases in the cytoplasm and nucleoplasm.

editor’s  choice Copyright c© 2022 EPLA

Demixing of multicomponent biomolecular systems via
liquid-liquid phase separation (LLPS) has emerged as
a unifying mechanism governing the formation of many
membrane-less intracellular bodies (“condensates”) [1–6].
These droplets form in complex environments and often
interact with elastic biopolymer networks, both in the cy-
toplasm (e.g., stress granules and the cytoskeleton) and
in the nucleoplasm (e.g., nucleoli and chromatin). While
both in vivo experiments [7] and studies of synthetic sys-
tems [8,9] demonstrate that such macromolecular net-
works strongly affect LLPS, a fundamental understanding
of LLPS in an elastic network is still lacking.

In this letter we show that, upon accounting for capil-
lary forces responsible for network expulsion, small-scale
heterogeneity of the network, and its nonlinear mechan-
ical properties, an intriguing picture of the thermody-
namics of LLPS in elastic networks emerges. Specifically,
we predict that, in addition to the experimentally ob-
served cavitated droplets [7,8] which fully exclude the
network, two new stable phases appear: elastically ar-
rested, size-limited droplets at the network pore scale,
and network-including macroscopic droplets. We argue
that these phases may be relevant for intracellular conden-
sates by rationalizing recent experimental observations of
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Fig. 1: (A) Classic liquid-liquid phase separation (LLPS) from
an initially mixed phase (top) results in a macroscopic droplet
of the minority phase (red) immersed in the yellow majority
phase (bottom). (B) When LLPS occurs in the presence of an
elastic network (top), three possible outcomes are considered
(bottom): i) Cavitation. ii) Microdroplets. iii) Permeation of
the network into the droplet.

network inclusion [10,11], and predicting the possibility of
pore size-limited condensates in chromatin.

When LLPS occurs without mechanical constraints
(fig. 1(A)), interfacial energy considerations imply that
the thermodynamically stable outcome is a macroscopic
spherical droplet of the minority liquid (red) embedded
within the majority phase (yellow), with an associated
decrease in free energy per unit volume of Δg0 < 0. In
the presence of an elastic matrix hindering LLPS and
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chemically distinct from the two liquids, in contrast, we
consider three possible scenarios by which demixing can
occur (fig. 1(B)). Each scenario results in a specific free
energy cost compared to the reference, unhindered case:
i) the minority liquid can create a macroscopic cavity,
which incurs an elastic deformation energy penalty Eel as-
sociated with the network. ii) Alternatively, an extensive
number of microdroplets may form within the pores of the
network, which avoids elastic deformation but incurs an
interfacial energy penalty Esurf . iii) Finally, rather than
fully excluding the network, the minority droplet can per-
meate through it, resulting in a wetting energy Ewet. Be-
low, we first introduce coarse-grained models that gener-
ically capture the physical features of LLPS in an elas-
tic network and employ scaling arguments to evaluate the
thermodynamic stability of each phase. To this aim, we
assess the free energy penalty per droplet volume Δg(i−iii)

incurred by the network in each scenario, compared to the
reference case of a network-free infinite droplet: assum-
ing that the network does not influence the composition
and molar volume of the minority liquid, Δg(i−iii) is pro-
portional to the chemical potential of the phase-separated
liquid, and thus permits the identification of the most sta-
ble scenario. With this approach, we construct a phase
diagram for the morphology of phase separation in an elas-
tic network. We then develop a comprehensive theory of
such systems based on the continuum mechanical mod-
eling of the network, including finite compressiblity and
nonlinear strain-stiffening effects. Analytical and numer-
ical approaches are employed to both confirm the salient
features of the phase diagram and elucidate the nature of
phase transitions between the droplet phases.
We begin by considering scenario i), in which a macro-

scopic cavity of radius r forms from an initial pore. This
scenario has been previously considered for in vitro oil-
water mixtures in silicone gels [8,9,12] and in vivo droplets
in the cell nucleus [7]. Within a neo-Hookean (NH)
model for network elasticity [7–9], the elastic deforma-

tion energy Eel(r) ∼ 4πr3

3 αG scales as the volume of
the cavity in the limit r → ∞. Here, G denotes the
shear modulus of the network, while α ∼ 5

2 is a mate-
rial parameter (see sect. B in the Supplementary Material
Supplementarymaterial.pdf (SM)). This simple behav-
ior describes a broad class of artificial gels [13], while other
mechanisms (e.g., detachment of cross-links or fracture at
fixed hoop stress [14,15]) can also lead to such a scaling.
The free energy per droplet volume penalty is thus

Δg(i) =
3

4πr3
Eel(r) ∼ αG. (1)

We note that Δg(i) results in a shift of the demixing
phase boundary to lower temperatures [8,16]. Remark-
ably, this behavior was validated for in vitro systems [8],
with α ≈ 1.5. In the presence of macroscopic gradi-
ents in the network stiffness, (eq. (1)) also implies that
droplet growth is favored in softer regions of the net-
work [7,9,17,18].

While this model captures the macroscopic elastic re-
sponse of the material, it does not account for small-scale
heterogeneities. In both biological and artificial systems
considered here, the elastic network is constituted by poly-
mers with a finite pore/mesh size ξ. Consider now scenario
ii) in fig. 1(B), in which microdroplets of radius r ∼ ξ form
within these pores with negligible network deformation. In
this case, Eel ≈ 0, while each microdroplet incurs an in-
terfacial energy penalty Esurf ∼ 4πξ2γ, where γ denotes
the surface tension between the two liquids. This results
in a free energy per droplet volume penalty

Δg(ii) ∼
3γ

ξ
. (2)

Comparing eqs. (2) and (1) reveals that in such networks,
the trade-off between elastic and interfacial energies is con-
trolled by the elasto-capillary number [19]:

h ≡ 3γ

ξG
. (3)

When h < α, i.e., for large pore sizes and low liquid-liquid
surface tensions, the thermodynamically stable phase thus
corresponds to the formation of an extensive number of
pore-size–limited microdroplets. In contrast, when h > α,
scenario i) is favored, with macroscopic cavitated droplets
whose sizes are not constrained thermodynamically.
Finally, we consider scenario iii) from fig. 1(B): a macro-

scopic droplet encapsulating a partially excluded network.
To assess its thermodynamic stability, we introduce a wet-
ting energy Ewet via

Ewet =
4πr3

3
(1− ϕ)σp, (4)

where ϕ denotes the fraction of network expelled from the
droplet compared to the undeformed state, and σp is the
permeation stress. Microscopically, σp arises from differ-
ential wetting energy per unit length of the filaments con-
stituting the network in contact with the two fluids [20].
As further discussed in sect. E of the SM, a simple es-
timate for σp can be developed as follows. First, assume
that the filaments comprising the network can be approxi-
mated as cylinders of radius rf , corresponding to a liquid-
solid interface area per unit length of ∼ 2πrf . Taking the
filaments immersed in the majority liquid (liquid 1) as the
reference point, the interfacial energy per unit length of a
filament immersed in liquid 2 is thus ∼ 2πrf (γ2S − γ1S),
where γ1S and γ2S , respectively, denote the interfacial en-
ergy between the filament and liquids 1 and 2. Denoting
by ρ the volume fraction of the network in its undeformed
state, the liquid-network contact area per unit volume is
thus ∼ 2ρ/rf . Hence, the energy per unit volume dif-
ference between the network immersed in liquid 1 and in
liquid 2 is σp ∼ 2ρ(γ2S − γ1S)/rf . When σp > 0, the wet-
ting energy of the filaments is lower in the majority liquid
phase and filaments are repelled from the minority phase.
In contrast, when σp < 0, it is lower in the minority liquid,
and phase-separated droplets thus attract the surrounding
network. Equation (4) translates this microscopic wetting
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Fig. 2: Droplet phase diagram for LLPS in an elastic net-
work constructed via scaling arguments. The most stable state
is indicated in terms of the elasto-capillary h (eq. (3)) and
the permeo-elastic p (eq. (6)) numbers. Note that only the
dominant contribution to the free energy is retained here, cor-
responding to eqs. (1), (2) and (5), respectively, for the cavi-
tated i), microdroplet ii), and permeated iii) phases.

phenomenon into a macroscopic effect, which results in a
stress discontinuity at the liquid-liquid interface through
which the network permeates. Network wetting may also
induce an effective change of liquid-liquid surface tension,
in particular if the filaments align with the interface; such
effects are not considered in the present work.
To proceed with the analysis, we first ignore any σp-

induced network deformations and set ϕ = 0. The free
energy cost per volume induced by differential wetting is
thus

Δg(iii) ∼ σp. (5)

Comparing eqs. (5) and (1), we find that the thermody-
namically stable phase is controlled by a second dimen-
sionless quantity, namely the permeo-elastic number

p ≡ σp

G
, (6)

which is a measure of the degree of network deformation
induced by the permeation stress. For p > α, scenario i)
is the most stable: the repulsion between the network
and the minority liquid is sufficiently strong to fully expel
the network from the droplet, leading to cavitation. For
p < α, the droplet permeates through the network rather
than excluding it, and scenario iii) is preferred. Finally,
when the elasto-capillary number h < α, the phase bound-
ary between scenarios ii) and iii) is given by the line p = h.
The results of the scaling arguments are summarized in a
phase diagram in the (p, h)-plane in fig. 2, which identifies
the most stable droplet phase. For given material param-
eters (p, h), demixing will take place if Δgmin +Δg0 < 0,
where Δgmin = min[Δg(i),Δg(ii),Δg(iii)]. We note that
for scenarios i), ii), the network hinders phase separation
and stabilizes the mixed phase; for scenario iii), this de-
pends on the sign of p: for σp < 0, the network prefers the
minority phase and favors phase separation.
We have so far considered only the dominant contri-

bution to the free energy for each scenario —either Eel,

Esurf or Ewet. Network deformation, however, occurs in
each of the three scenarios: in ii), microdroplets exert a
pressure on the network, while in iii), a permeation stress
σp > 0 results in a partial expulsion of the network from
the droplet. To quantitatively predict the locations of the
phase boundaries and the nature of associated phase tran-
sitions, we next discuss the deformation behavior aris-
ing from an isolated droplet embedded within a slightly
compressible NH network characterized by a stored en-

ergy function W = G
2

[
I1 − 2(J − 1) + (J−1)2

(1−2ν)

]
. Here,

I1 = λ2
1 + λ2

2 + λ2
3 and J = λ1λ2λ3 with λk denoting

the k-th principal stretch, while ν is the Poisson’s ratio at
small deformation [21].

Examining first scenarios i), ii) for which the network
is fully excluded from the droplet, we consider a droplet
of radius r = λdξ stretching a spherical cavity of ini-
tial radius ξ that corresponds to the characteristic pore
size of the network (fig. 3(A)). The surface and elas-
tic energy densities are esurf(λd) = 3γ

λdξ
and eel(λd) =

fout(λd) ≡ 3
λ3
d
mint(u)

[∫∞
1

W (s(u), t(u), t(u))u2du
]
, with

s(u) and t(u) denoting the radial and hoop stretches at
distance uξ from the origin, subject to the boundary con-
dition t(1) = λd (see sects. A and B of the SM for
derivation details and the perturbative calculation of fout).
When the elasto-capillary number h is large (fig. 3(B)),
Δg = eel + esurf decreases monotonically with droplet size
r, indicating that cavitation (scenario i) is thermodynam-
ically favored. At small h (fig. 3(C)), in contrast, Δg
exhibits a global minimum at r∗ � ξ, corresponding to
size-limited microdroplets as per scenario ii). For positive
Poisson’s ratios ν, r∗ increases sharply with the elasto-
capillary number h (fig. 3(D)), but remains finite up to
the limit of stability of microdroplets, indicating that the
cavitation transition i)→ ii) is weakly first order as surface
tension is increased or, equivalently, as the shear modu-
lus of the network is reduced. Interestingly, this transi-
tion becomes continuous for auxetic materials with ν < 0
(see sect. C in the SM). We note that when scenario i) is
favored, the total free energy of a droplet of size r presents
a single maximum at the critical nucleation radius rc, re-
gardless of the value of Δg0. This critical radius may be
larger than the mesh size, in which case the nucleation rate
is affected by the network. Nucleation and cavitation are
thus concomitant in a single “nucleo-cavitation” step in
NH materials, and mesh-size-level droplets are fully unsta-
ble, rather than being a metastable intermediate (except
in a very narrow parameter regime; see SM).

Turning now to the case of a permeated network, we
consider a macroscopic droplet (thus neglecting esurf)
for which the wetting free energy per volume ewet is
a function of fraction ϕ = 1 − λ−3

i of the expelled
network, where λi denotes the homogeneous stretch of
the network inside the droplet (fig. 3(E)). In this case,

Δg = minλi
[ewet(λi) + eel(λi)] = minλi

[σp+W (λi,λi,λi)

λ3
i

+

fout(λi)
]
(see sects. A and B in the SM). For large val-
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Fig. 3: Analysis of droplet phases within compressible neo-Hookean (NH) networks. (A) Sketch of the geometry of the pore
deformation model. (B), (C): elastic energy (blue, eel), surface energy (orange, esurf) and total free energy (green, Δg = eel+esurf)
per droplet volume vs. droplet size r, respectively for elasto-capillary numbers h = 4 (showing monotonic decay of Δg) and h = 1
(showing a global minimum of Δg at r∗, red star). Dashed black line indicates the r → ∞ cavitated limit. (D) Equilibrium
droplet size r∗ vs. h, for different Poisson’s ratios ν of the network. Star indicates the limit of stability of phase ii). (E) Sketch
of the geometry for the permeation model with inner stretch λi. (F), (G): elastic energy, wetting energy (red, ewet) and total
free energy (green, Δg = eel + ewet) per volume of a large droplet permeating through the network vs. fraction expelled of the
network ϕ, respectively, for permeo-elastic numbers p = 4 (where cavitation is favored) and p = 1 (with global minimum at
ϕ∗, red star). (H) Equilibrium fraction expelled ϕ∗ vs. p. Dashed lines indicate metastable states, with cavitation (ϕ∗ = 1)
energetically favored. (I) Droplet phase diagram in the (p, h)-plane. Dotted lines indicate naive scaling results with α = 5/2, as
in fig. 2. The shaded area in (F), (G) indicate p < 0, i.e., a contractile droplet attracting the network. In (A), (B), (D), (E) we
take ν = 0.4. Energy densities and length scales are normalized by the linear shear modulus G and the pore size ξ, respectively.

ues of p, Δg exceeds that of the cavitated case for all ϕ
(fig. 3(F)). In contrast, at low p (fig. 3(G)), the global min-
imum of Δg occurs at ϕ∗ < 1, and permeation is favored.
When p increases, ϕ∗ increases continuously up to the cav-
itation point, at which it experiences a compressibility-
dependent jump (fig. 3(H)). We summarize these results
in a phase diagram for NH materials in fig. 3(I).

While a NH constitutive law describes the deformation
behavior of a broad class of materials at finite stretches,
many biomolecular networks differ by exhibiting strain-
stiffening behavior [22–24], whereby the (nominal) tensile
stress grows faster than linearly with the stretch. In the
permeated case, this nonlinearity limits the exclusion of
the network from the droplet, with moderate effects on the
phase stability. In contrast, strain stiffening strongly af-
fects phases i) and ii) where the network is fully excluded:
the free energy of the cavity grows asymptotically faster
than its volume, and the elastic penalty eel(r) diverges in
the limit of large droplets, as illustrated in fig. 4(A) for
a minimal model for power-law strain stiffening with an
additional nonlinear contribution to stored energy func-
tion W given by G

2 [(I1 − 3)/6εc]
3. Here, the parameter

εc controls the strength of the nonlinearity such that NH
behavior is recovered in the limit εc → ∞ (see sect. D
in the SM). Thus, effectively α → ∞, and scenario i) is
suppressed: the global energy minimum always occurs at
a finite droplet radius r∗, leading to size selection [25].
When the nonlinearity is strong, the equilibrium droplet
size r∗ � ξ even at large capillary forces corresponding
to h � 1 (fig. 4(B), blue), and microdroplets are stable

Fig. 4: Numerical analysis of networks with strong (blue) and
weak (orange) strain stiffening behavior. The analytical so-
lution for non-stiffening NH materials is also shown (green).
(A) Elastic energy per droplet volume as a function of droplet
size. (B) Equilibrium droplet size r∗ as a function of the elasto-
capillary number h. For NH materials, the cavitation transition
is indicated by the dotted line. (C) Phase boundary between
microdroplets ii) and permeated iii) phases. Cavitation i) is
suppressed by the strain stiffening. Dashed line indicates the
naive scaling p = h.

when p � h (fig. 4(C)). When the nonlinearity is weak and
emerges only at large stretch, in contrast, microdroplets
transition from being linearly arrested with size r∗ � ξ
at h � 3, to being non-linearly arrested at a mesoscopic
size r∗ � ξ at h � 3 (fig. 4, orange). This transition is a
smooth crossover for realistic material parameters, and re-
sults in a change of slope of the phase boundary as larger
droplets incur a lower surface penalty per unit volume
(fig. 4(C)).

In summary, we have demonstrated that liquid-liquid
phase separation (LLPS) in an elastic network dis-
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Table 1: Order-of-magnitude estimates of the shear modulus G, network mesh size ξ, surface tension γ, and permeation stress
σp for three classes of experimental systems. The ranges of variation of the elasto-capillary number h and the permeo-elastic
number p are shown, and plausible scenarios for LLPS are indicated (most likely ones in bold). Details in sect. F in the SM.

System G ξ γ σp h p Scenarios

I Oil in 103–3.105 Pa 2–14 nm 4× 103 Nm−1 104–3.105 Pa 20–700 1.1–6.5 i), iii)
silicone gel

II Cytoplasmic 10–100 Pa 50–150 nm 10−6 Nm−1 ±(0.2–2) Pa 0.2–6 ±(10−3–0.2) ii), iii)
cond.

III Nuclear 10–103 Pa 7–20 nm 10−7–10−6 Nm−1 ±(10–100) Pa 0.01–10 ±(0.01–10) i), ii), iii)
condensates

plays complex morphological diversity at equilibrium.
In particular, we have shown that the prevailing picture
of cavitated macroscopic droplets is challenged by two al-
ternative scenarios. On the one hand, when the pore-
size-level elastic forces dominate the capillary forces, i.e.,
when the elasto-capillary number h (eq. (3)) is small or
when the network displays strong strain-stiffening behav-
ior [25], stable pore-size–limited microdroplets form. We
note that this equilibrium size limitation mechanism is dis-
tinct from previously considered kinetic limitation effects
such as protocol-dependent arrested ripening of cavitated
droplets [9,16,18,26] and hindered diffusion of irreversible
nanoparticle aggregates in polymer gels [27]. On the other
hand, when differential wetting between the network and
the two liquids is not strong enough to fully expel the net-
work, i.e., for low permeo-elastic number p (eq. (6)), the
network permeates the phase-separated droplets. Employ-
ing scaling arguments and continuum mechanics modeling
that generically describe LLPS in an elastic network at a
coarse-grained level (where the only parameters are the
bulk material properties and the pore size), we have con-
structed a predictive morphological phase diagram that
quantifies the equilibrium droplet size and network defor-
mation behavior.
We note that our theoretical predictions rely on several

important assumptions. First, we have focused on me-
chanical and thermodynamic equilibrium states, ignoring
kinetic processes such as droplet nucleation [28], ripen-
ing [9,18,26] and merging [29], and, in the case of biological
systems, their inherently out-of-equilibrium nature. Sec-
ond, we have ignored all direct interactions between the
droplets, which is justifiable when the typical droplet sep-
arations are much larger than their size. Third, we have
neglected all visco-elastic effects in the network: we thus
considered systems over time scales long enough for phase
separation to complete, yet short enough for the network
to retain its mechanical integrity.
We finally discuss the relevance of the predicted phase

diagram for experimental systems by providing estimates
for the relevant parameters, presented in table 1. For fluo-
rinated oil demixing in silicone gels (system I with h � α),
consistent with experimental observations [8,9,12], only
macroscopic phase separation appears to be relevant: these

networks are too homogeneous, and the surface tension
too high, to permit microphase separation. In contrast,
for cytoplasmic condensates (system II), low surface ten-
sion, large mesh sizes and stiff filaments make permeation
the most likely scenario, while cavitation appears to be
ruled out by our theory: if droplets exclude the cytoskele-
ton, they are likely to be size selected at the network mesh
size. In the context of intracellular phase separation in the
nucleoplasm (III), all three scenarios are possible. In par-
ticular, DNA is only partially expelled from nucleoli [10],
suggesting that these organelles may operate in the per-
meated regime with p > 0. Intriguingly, recent studies
show that phase separation of HP1a leads to the formation
of DNA-rich heterochromatin domains [11], suggesting a
network-attracting permeated phase with p < 0. Finally,
we predict that mesh-size–selected microdroplets are also
possible in chromatin. Interestingly, the chromatin mesh
size is well below the optical resolution limit: if such a
phase exists, it may not have been fully characterized
yet. For instance, it was recently proposed that phase-
separated condensates are involved in the activation and
repression of gene transcription [30–32]. Our work sug-
gests that such condensates might be elastically limited
by the mechanisms presented herein.
These order-of-magnitude estimates suggest that fur-

ther super-resolution microscopy studies are needed to
fully characterize intracellular LLPS, focusing both on
the presence of network inclusion within membraneless
condensates, and on the possible existence of elastically
limited nanodroplets. We have also shown that existing
synthetic systems for LLPS in elastic networks [8,9,12]
operate in a parameter regime that is vastly different from
intracellular LLPS (table 1). Our work provides design
principles for new biomimetic systems which capture prop-
erties of in vivo systems more faithfully.

These engineered systems could be also useful for
nanofabrication, as well as to serve as crucibles for chem-
ical reactions favored by phase exchange: the very high
surface-to-volume ratio would permit fast exchange be-
tween the two phases. The multi-stage chemical reactions
can be guided in structured multi-phase droplets, such as
is the case with the ribosome biogenesis in nucleoli [6],
where the internal organization of phases is dictated by
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their surface tensions [33]. Finally, our study underscores
the importance of a novel quantity, the permeation stress
σp, on LLPS. While we have focused on the case of droplets
that (partially) expel the network, our theory predicts
that capillary forces are reversed when σp < 0: in this
case, the network facilitates phase separation and con-
denses around the droplets. Such network-droplet attrac-
tion could, e.g., couple to the nonlinear mechanics of fiber
networks to result in large-scale stresses [34,35], as well as
yield new physical insights into the structure and function
of biomolecular condensates.

∗ ∗ ∗

SM is supported by Beijing Innovation Center for En-
gineering Science and Advanced Technology (BIC-ESAT)
at Peking University. SM, AK and MPH are supported by
NSF through the Princeton University Materials Research
Science and Engineering Center DMR-2011750. MPH also
acknowledges support from a Princeton University Fo-
cused Research Team award on Engineering Living Or-
ganelles. PR is supported by the NSF through the Center
for the Physics of Biological Function (PHY-1734030), by
the “Investissements d’Avenir” French Government pro-
gram managed by the French National Research Agency
(ANR-16-CONV-0001) and by the Excellence Initiative of
Aix-Marseille University - A*MIDEX.

Data availability statement : All data that support the
findings of this study are included within the article (and
any supplementary files).

REFERENCES

[1] Brangwynne C. P., Eckmann C. R., Courson D. S.,

Rybarska A., Hoege C., Gharakhani J., Jülicher
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Liquid demixing in elastic networks: cavitation, permeation, or size selection?
Supplementary Information

Appendix A: Mathematical framework: modeling liquid droplets in an elastic network

We first discuss the framework we employ to assess the stability of each of the three scenarios considered in the main
text: (i) cavitation, (ii) microdroplets, and (iii) permeation. Throughout this article, we consider a single spherical
droplet of phase-separated liquid, in an infinite elastic medium representing the network. We thus neglect mechanical
interactions between droplets, mediated by the network; this assumption is valid if the separation between droplets
is much larger than their size (i.e. when the volume fraction of phase-separated droplets is small). The stability of
each scenario is measured by the difference ∆g of free energy per droplet volume, compared to an infinite droplet of
phase separated liquid in the absence of an elastic network. This penalty is captured in three distinct terms: elastic
energy stored in the network, liquid-liquid surface tension, and wetting energy. The latter two have closed forms as
a function of the droplet size and inner stretch. The mathematically non-trivial aspect thus lies in the evaluation of
the elastic energy resulting from the network deformation induced by the droplet.

We characterize the elastic medium by its stored energy function W (λ1, λ2, λ3) (which we leave unspecified for now),
where the λi’s correspond to the three principal stretches. This function corresponds to the elastic energy density in
the undeformed material coordinates. We consider a droplet of size rd in a spherically symmetric infinite medium.
We write the equilibrium deformation r = r(R), such that a point at distance R from the droplet center in the initial
undeformed state is displaced to radius r(R) in the deformed state. In this geometry, the principal stretches are the
radial stretch λ1(R) = dr

dR ≡ s and the hoop stretch λ2(R) = λ3(R) = r/R ≡ t.
We distinguish two geometries, depending on whether the network is excluded from the droplet (scenarios (i-ii))

or included (scenario (iii)):

• excluded network (Fig. 1A): the medium is modeled as an infinite material with an initial spherical pore of radius
ξ in the reference configuration (left). A droplet of radius rd = r(ξ) stretches this pore by a factor λd = rd/ξ
compared to this reference configuration (right). The elastic energy stored in the network outside the droplet is
thus:

Eel,out = 4π

∫ ∞
ξ

W

(
dr

dR
,
r

R
,
r

R

)
R2dR (A1)

Introducing u = R/ξ, the radial stretch s = dr/dR and the hoop stretch t = r/R, we obtain the following form
for the elastic energy per unit volume of the droplet:

Eel,out

vd
=

3

λ3d

∫ ∞
1

W (s(u), t(u), t(u))u2du ≡ fout(λd) (A2)

where vd = 4
3πr

3
d is the droplet volume. Eq. (A2) should be minimized over the deformation field t(u), with

boundary condition t(u = 1) = λd.

• included (permeated) network (Fig. 1B): the medium is modeled as an intact infinite material, and the pores
are considered to be infinitesimally small. The droplet of radius rd is placed at the center, and imposes a stress
discontinuity at its surface. The material inside the droplet is isotropically and homogeneously deformed with
stretch λi. The material outside the droplet is deformed in a similar way as previously, and hence the total
elastic energy reads

Eel = Eel,in + Eel,out =
4

3
π

(
rd
λi

)3

W (λi, λi, λi) + 4π

∫ ∞
rd/λi

W

(
dr

dR
,
r

R
,
r

R

)
R2dR (A3)

FIG. 1. Geometries of droplets considered here. A. Network exclusion, starting from a pore of size ξ stretched by a factor λd.
B. Permeation of the droplet through the network, with network stretch λi inside the droplet.
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which, divided by the droplet volume, is:

Eel

vd
=

1

λ3i
W (λi, λi, λi) + fout(λi) (A4)

where fout was defined in Eq. (A2). In this geometry, the fraction of the network excluded from the droplet is
ϕ = 1− λ−3i , so that the wetting energy reads Ewet = vdσpλ

−3
i .

We finally recapitulate our definition of the free energy for each of the three phases considered in this article.

• Cavitation (i): the only contribution to the free energy is the elastic penalty, in the infinite-stretch limit of
Eq. (A2):

∆g(i) = lim
λd→∞

fout(λd). (A5)

• Microdroplets (ii): we combine the elastic energy with network exclusion (Eq. (A2)) with the surface tension.
The free energy is found by minimizing over the pore stretch (i.e. over the droplet radius):

∆g(ii) = min
λd

[
3γ

λdξ
+ fout(λd)

]
(A6)

where γ is the surface tension. Note that the minimization does not always yield a finite value for λd.

• Permeation (iii): we combine the elastic energy with network inclusion (Eq. (A4)) with the wetting energy. The
free energy is found by minimizing over the pore stretch (i.e. over the excluded fraction of the network):

∆g(iii) = min
λi

[
σp +W (λi, λi, λi)

λ3i
+ fout(λi)

]
(A7)

where σp is the permeation stress.

The mathematically non-trivial part, in all three scenarios, is the evaluation of the outer elastic energy density fout(λ).
We combine two approaches, depending on the class of materials considered, i.e. on the functional form of W . In the
case of neo-Hookean materials, we consider slightly compressible systems, which allows us to solve for the deformation
field analytically, as discussed in Sec. B (corresponding to the results presented in Fig. 3 of the main text). For
strain-stiffening materials (Fig. 4 of the main text), such an analytical approach is not possible, and we resort to a
numerical estimation of fout, as presented in Sec. D. In all cases, the free energy minimization over the value of λ in
Eqs. (A6) and (A7) is then performed numerically.

Appendix B: Analytical treatment of slightly compressible neo-Hookean materials

Consider Eq. (A1), written in terms of arbitrary inner and outer radii Rmin and Rmax: Eel,out =∫ Rmax

Rmin
4πR2W (λ1, λ2, λ2)dR. In mechanical equilibrium, Eel,out is a minimum. Thus, the equilibrium deformation

r = r(R) can be obtained from a variational principle as

δEel,out

δr(R)
= 8πR

∂W

∂λ2
− 4π

d

dR

(
R2 ∂W

∂λ1

)
= 0, (B1)

or

d

dR

(
R2W1

)
− 2RW2 = 0, (B2)

where Wi ≡ ∂W/∂λi. [Note that here we assume that the system is compressible. In an incompressible system, the

deformation is explicitly determined from J = dr
dR

(
r
R

)2
= 1 ↔ dr

dR =
(
r
R

)−2
.] It is straightforward to show that

dW1/dR = W11r
′′(R) + 2W12(r′(R)/R − r/R2), where W1j ≡ ∂2W/∂λ1∂λj . Upon introducing the hoop and radial

stretches as t = r(R)/R and s(t) = dr/dR, respectively, it can be shown that r′′(R) = ds/dR = ds/dt (s− t)/R and
dW1/dR = W11[ds/dt (s− t)/R] + 2W12[s− t]/R. Thus, Eq. (B2) becomes

W11
ds

dt
= −2

(
W1 −W2

s− t
+W12

)
. (B3)
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Let us next focus on the following simple form for the stored energy function W , corresponding to a slightly
compressible neo-Hookean network [1]:

W (λ1, λ2, λ3) =
G

2

[
λ21 + λ22 + λ23 − 3− 2(λ1λ2λ3 − 1) + β (λ1λ2λ3 − 1)

2
]
, (B4)

with G and ν = (1 − β−1)/2 denoting the shear modulus and Poisson’s ratio, respectively. It is straightforward to
show that, with this choice for W , Eq. (B3) becomes(

1 + βt4
) ds
dt

= −2
(
1 + βst3

)
. (B5)

The exact solution of Eq. (B5) is given by [1]

s(t) =
C0 −Ψ(t)√

1 + βt4
, (B6)

where C0 denotes an integration constant, and

dΨ(t)

dt
=

2√
1 + βt4

↔ Ψ(t) =

∫ t

t0

dτ
2√

1 + βτ4
. (B7)

Now, consider the case where we have an initial pore of radius ξ embedded within an infinite elastic, neo-Hookean ma-
trix, and the pore walls are subjected to a constant pressure p0. Far from the cavity, the matrix remains deformation-
free, and hence limt→1 s(t) = 1. From the exact solution we immediately obtain

sI(t) =

√
1 + β −

∫ t
1
dτ 2√

1+βτ4√
1 + βt4

. (B8)

Now, consider subjecting the boundary of the pore to a stretch λ such that r(ξ) = λξ. The corresponding radial
stretch is given by

sI(λ) ≡ ∆I =

√
1 + β −

∫ λ
1
dτ 2√

1+βτ4√
1 + βλ4

. (B9)

Now, the pressure p0 required to sustain the deformation is given by

p0(λ, β)

G
= − W1

Gλ2
= 1− ∆I

λ2
− β

(
∆Iλ

2 − 1
)
. (B10)

We obtain the stored elastic energy as the total work of pressure forces from the undeformed state:

Eel,out(λ) = 4πξ3
∫ λ

1

p0(λ′, β)λ
′2dλ′ (B11)

Using the formal calculus software SymPy [2] to expand the integral in Eq. (B9) in powers of β−1 (i.e. a weakly
compressible expansion), we finally obtain the following expression for the elastic energy per droplet volume fout as
a function of the droplet stretch λ = r/ξ:

fout(λ)

G
= +

5

2
− 3

λ
− 1

λ3
+

3

2λ4

+ β−1
[
− 3

40
+

6

5λ3
− 9

4λ4
+

6

5λ5
− 3

40λ8

]
+ β−2

[
1

48
− 2

15λ3
+

9

80λ4
+

9

80λ8
− 2

15λ9
+

1

48λ12

]
+ β−3

[
− 15

1664
+

14

325λ3
− 1

32λ4
− 9

1600λ8
− 1

32λ12
+

14

325λ13
− 15

1664λ16

]
+ β−4

[
21

4352
− 22

1105λ3
+

45

3328λ4
+

1

640λ8
+

1

640λ12
+

45

3328λ16
− 22

1105λ17
+

21

4352λ20

]
+ β−5

[
− 3

1024
+

22

1989λ3
− 63

8704λ4
− 9

13312λ8
− 1

2304λ12
− 9

13312λ16
− 63

8704λ20
+

22

1989λ21
− 3

1024λ24

]
+O

(
β−6

)
(B12)
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which we use to assess the stability of each phase, as described in Sec. A. For ν > 0 (corresponding to β > 1 this
expansion converges rapidly, and the results are essentially unaffected by including additional terms (in practice, for
the results presented in Fig. 3 of the main text, we expand up to β−8). In particular, we can read out the λ → ∞
limit, corresponding to the cavitated free energy (Eq. (A5)):

α ≡
∆g(i)

G
=

1

G
lim
λ→∞

fout(λ) =
5

2
− 3

40β
+

1

48β2
− 15

1664β3
+

21

4352β4
− 3

1024β5
+

99

51200β6
+O

(
β−7

)
(B13)

Note that we also have α = p∗0/G, where p∗0 is the cavitation pressure. As expected, in the limit β →∞, p∗0/G→ 5/2,
in agreement with the classic cavitation result for incompressible neo-Hookean materials. For reasonable values of
ν = 1/3 (β = 3) or ν = 1/4 (β = 2), Eq. (B13) yields p∗0/G ≈ 2.48 and 2.47, respectively. Finite compressibility thus
reduces the critical cavitation pressure, albeit to a rather small degree. We also note that for the special case β = 1
(corresponding to ν = 0), p∗0/G = 2−

√
2+4/

√
π Γ2(5/4) ≈ 2.44, where Γ(x) denotes the Euler gamma function, while

the series approximation in Eq. (B13) yields p∗0/G ≈ 2.44, in excellent agreement with the exact result. Cavitation
pressures for several representative compressibilities are listed in Table 1.

β 1 2 3 5 10 50 ∞
ν 0 1/4 1/3 0.4 0.45 0.49 1/2

α = p∗0(β)/G 2.439 2.467 2.477 2.486 2.493 2.4985 5/2

TABLE I. Critical cavitation pressure of a finite spherical pore in an infinite, slightly compressible Neo-Hookean matrix at
varying compressibilities.

Appendix C: Limit of metastability of microdroplets in the neo-Hookean model

We investigate here the nature of the equilibrium transition between microdroplets (scenario ii) and cavitation
(scenario i), which is controlled by the elasto-capillary number h. To this aim, it is useful to consider the free energy
per volume of a droplet of size r = λξ as a function of its stretch λ, in the large λ limit that can be read out from
Eq. (B12):

1

G
∆g(λ) = α(β) +

h− 3

λ
+
A3(β)

λ3
+O(λ−4) (C1)

where again β = 1/(1 − 2ν) is the compressibility parameter, and A3(β) is the coefficient of the inverse cubic term.
Interestingly, the leading order in the expansion changes sign when h = 3 (independently of β), and around this
value the free energy is thus dominated by higher-order terms. Depending on the compressibility, we identify two
qualitatively distinct behaviors when varying h, as shown in Fig. 2:

• for ν > 0, i.e. for usual materials, we have the following sequence of regimes:

– h < 3: ∆g(λ) exhibits a single minimum at a finite λ∗ = r∗/ξ, corresponding to the microdroplets scenario.
Near equilibrium, droplets larger than r∗ would shrink (“anti-ripen”) so as to reach the equilibrium size.

– 3 < h < hc: microdroplets are the global free energy minimum, but there is a local maximum at λ > λ∗.
As a result, λ =∞ is a local minimum of free energy, and cavitated droplets are metastable.

– hc < h < h†: the global minimum of free energy is at λ =∞, and cavitation is the stable scenario; however,
a local minimum exists at r†, corresponding to metastable microdroplets.

– h > h†: the free energy is monotonically decreasing as a function of λ, cavitation is stable and there exists
no metastable state.

The transition between scenarios (i) and (ii) governed by h is thus first-order. However, plotting in Fig. 3 the
values of hc and h† over the physical range of Poisson’s ratio values ν, we note that the range of metastability
corresponding to this first-order transition is very narrow, and restricted to values 3 < h < 3.11 for all ν.

• for ν < 0, i.e. for auxetic materials, we observe a second-order transition between scenarios (i) and (ii) (right
panels in Fig. 2), with a continuous divergence of the droplet radius as r∗ ∼ (3− h)−1/2 as h→ 3.

Overall, this analysis shows that at ν > 0 the cavitation transition is weakly first order, characterized by the proximity
to a critical point at ν = 0, sharp increase of the droplet size near the transition (as shown in Fig 3C of the main
text), and very limited range of metastability.
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FIG. 2. Plots of 1
G

∆g(λ) for different values of h and ν. The metastability regimes corresponding to a first-order transition

are apparent for ν > 0 (left two panels, with the equilibrium transition h = hc in orange and the end of metastability h = h†

in red). For ν ≤ 0 (right two panels), the transition is second-order and occurs at h = 3.

FIG. 3. Left: equilibrium transition line hc (solid blue line) and metastability limit h† (dashed orange line) as a function of
Poisson’s ratio ν. The shaded area indicates the region in which microdroplets can be metastable. Note the very limited range
of h values represented here. Right: maximum radius for stable microdroplets (solid blue line) and metastable droplets (dashed
orange line). At ν < 0 these are infinite, as the cavitation transition is continuous.

Appendix D: Minimal model for strain-stiffening effects

The stored energy function W for neo-Hookean materials [3] in Eq. (B4) does not capture strain-stiffening effects
occuring in macromolecular systems at large stretches [4–8]. To account for such effects, we consider the following
modified stored energy function:

W =
G

2

[
(I1 − 3)− 2(J − 1) + β(J − 1)2 +

(
I1 − 3

6 εc

)3
]
, (D1)

where I1 = λ21 + λ22 + λ23 and J = λ1λ2λ3, and where εc denotes a characteristic strain at which stiffening effects
become significant. It should be noted that the last term in Eq. (D1) emerges as the leading order term in a polynomial
expansion of the classic Arruda-Boyce [7, 8] and Gent [6] models for large-stretch behavior of polymer systems.

The above choice for W is both convenient and physically-based: (1) At infinitesimally small strains, W ∼
G
[
εijεij + ν

1−2ν εiiεjj

]
, in accordance with linear elasticity theory, where β−1 = (1−2ν) with ν denoting the Poisson’s

ratio and ε the linear strain. (2) By taking εc → ∞, we recover the (slightly) compressible neo-Hookean model in

Eq. (B4). (3) Asymptotically, W ∼ [(I1−3)/(6εc)]
3 ∼

[
(λ2chain − 1)/(2εc)

]3
, indicating a strong stiffening effect when

I1 → (3+6εc). Therefore, this form of W can be viewed as a minimal model for slightly compressible, strain-stiffening
hyperelastic materials. Specifically, by tuning the parameter β, we can vary the compressibility with β → ∞ corre-



6

sponding to a perfectly incompressible material, while by tuning εc, we can vary the material response from weakly
stiffening (large εc) to strongly stiffening (small εc).

We employ numerical simulations to study the influence of strain-stiffening of the network on liquid-liquid phase
separation. Specifically, to evaluate fout(λ) (as given by Eq. (A2)), we discretize the displacement field over an uneven
grid, u = [1, 1.16, 1.33, 1.51, ..., 28.4, 29.2, umax = 30] (with regular spacing of the values of

√
u). We evaluate the

integral
∫ umax

1
W (s(u), t(u), t(u))u2du using finite differences of the displacement field, and use the SciPy optimization

package [9] (scipy.optimize.minimize) to perform the multivariate minimization of the energy of the displacement
field, under the constraint r(u = 1) = λ. The outcome of this optimization is insensitive to the details of the
discretization, and recovers the analytical solution presented in Sec. B in the case of neo-Hookean materials. We then
pipe the resulting function fout(λ) into the free energy minimization described in Eqs. (A6)-(A7).

Appendix E: Further discussion of permeation stress σp.

We now provide further insights into the permeation stress σp, and discuss how it could be measured in practice.
First, recall from the main text the expression for σp:

σp ∼
2

rf
ρ(γ2S − γ1S), (E1)

where rf , ρ, and γ1S (γ2S) denote the filament radius, network volume fraction, and interfacial energy between the
filament and liquid 1 (2). In the presence of strain in the network, its volume fraction may change: denoting by
ϕ = 1− 1/(λ1λ2λ3) the fraction of the network that is expelled compared to the undeformed state (where the λi’s are
principal stretches), the energy per volume associated with immersing the stretched network into the minority liquid
is thus (1− ϕ)σp, corresponding to Eq. 5 of the main text.

At the liquid-liquid interface, the difference in surface energy results in a capillary force Fc ∼ 2πrf (γ2S − γ1S) on
each filament going through the interface. At the network scale, this implies a stress discontinuity in the network:
the network is being “sucked in” by the best-wetting liquid. Note that while Eq. (E1) relies on microscopic modeling
of the network and applicability of the surface energy at the level of individual filaments, this stress discontinuity
suggests that σp could also be measured experimentally, in a way that is independent from microscopic models.
Indeed, consider a tube separating two chambers containing respectively liquids 1 and 2, with a cork of clamped
network in the tube. Then σp corresponds to the pressure difference one must impose between the two chambers, so
that the liquid-liquid interface remains steady within the network cork. This provides an experimentally viable way
to measure σp. The existence and microscopic origin of this term was previously noted by de Gennes in the context
of non-deformable porous media [10].

Note that in addition to the difference of liquid-solid surface energy, it is possible that the rest state of the network
changes when immersed in liquid 2 – either swelling or shrinking – and thus that permeation induces a spontaneous
strain in the network. This qualitatively distinct effect has, in practice, consequences similar to the effect discussed
above, and thus simply results in a modification of σp for our purposes. Finally, network wetting may also induce an
effective change of liquid-liquid surface tension, in particular if the filaments align with the interface; such effects are
not considered in the present work.

Appendix F: Estimation of physical parameters.

Here we discuss how we obtain the experimental values of parameters presented in Table I of the main text, for
each of the three classes of systems considered. We focus on obtaining order-of-magnitude estimates for the two
dimensionless parameters introduced in the main text: the elasto-capillary number h ≡ 3γ/ξG with γ the liquid-
liquid surface tension, ξ the network pore size, and G the network shear modulus; and the permeo-elastic number
p ≡ σp/G with σp the permeation stress. Note that values of σp have not been reported in the literature, to the best of
our knowledge; for this reason, we employ Eq. (E1) with typical values for surface tensions to get order-of-magnitude
estimates of its range of variation. To this end, we substitute ρ ≈ r2f/ξ2, with rf denoting the radius of the filaments
constituting the network. Below, we consider three distinct systems, one synthetic, and two biological ones.

System I comprises the demixing of fluorinated oil embedded in a silicone gel, studied in great detail in Refs. [11–
13]. The elastic modulus G is in the range 1.4− 280kPa (we employ a Poisson ratio ν = 0.5 to convert from reported
values of the Young’s modulus). Following Ref. [12], we relate the modulus of this polymer network to its mesh size
ξ through ξ ∼ (kBT/G)1/3 with kBT = 4 × 10−21J the thermal energy. Hence, ξ ∼ 2.4 − 14nm. As for the surface
tension, we employ γ ≈ 4.4mN m−1, as reported in Ref. [13]. We take a representative molecular radius rf ≈ 0.2nm
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for PDMS chains, which yields σp ∼ 9 − 300kPa (we emphasize that this is a rough estimate). The value α ≈ 1.5
(as the ratio between cavitation pressure and shear modulus) is reported in Ref. [11]. We conclude that the range
of variation of dimensionless parameters h for system I is h ∼ 20 − 700 � α and p ∼ 1.1 − 6.5 ' α, where larger
values of h and p both correspond to softer gels. Our theory thus predicts that the relevant regime is predominantly
cavitation (scenario i), with permeation (iii) being marginally possible for very stiff gels. This is consistent with the
experimental observation of large, micron-sized droplets (while the mesh size is in the nanometer range) that fully
exclude the surrounding network, as characterized by coherent anti-Stokes Raman scattering [13].

System III generally encompasses liquid condensates found in the nucleus of eukaryotic cells and mechanically
interacting with the chromatin network, both native (such as nucleoli [14]) and biomimetic (such as CasDrop opto-
genetically activated condensates [15]). Due to the broad class of systems considered and to the scarcity of available
quantitative data for physical parameters, we report only conservative ranges for our estimates. Following Ref. [15],
we estimate the elastic modulus to be in the range G ∼ 10− 1000Pa and a mesh size ξ ∼ 7− 20nm, with larger mesh
sizes corresponding to softer chromatin. We estimate the surface tension to be in the range γ ∼ 10−7 − 10−6N m−1.
Indeed, such low values of surface tension have been reported for nucleolar proteins, γ ∼ 4 × 10−7N m−1 [14]. We
take a radius rf = 1nm for DNA, and a volume fraction ρ ∼ 0.1− 0.4 [15], which yields σp ∼ ±10− 100Pa (note that
the sign of σp depends on whether the nucleoplasm or the liquid condensate better wets the chromatin, which is not
known a priori). No value of α has been reported to our knowledge, and so we take α ∼ 2.5, corresponding to the
neo-Hookean case, as a default. This results in a very broad range of possible values for dimensionless parameters,
h ∼ 10−2 − 10 and p ∼ ±10−2 − 10. In particular, all three scenarios appear to be plausible: cavitation (i) in soft
chromatin and for rather large values of the surface tension; nanodroplets confined at the mesh size (ii) if chromatin is
stiffer and for low liquid-liquid surface tension; and finally permeation (iii) if the interfacial energy between chromatin
and the condensate is low. Interestingly, only scenario (i) has been characterized yet: both nucleoli and engineered
condensates form micron-sized droplets that have been shown to exclude the surrounding chromatin as they grow [15].
However, it is possible that mesh-size-level droplets actually exist, but have not been characterized yet as they would
be significantly below optical resolution.

System II, finally, encompasses cytoplasmic liquid condensates such as stress granules and P-bodies, which interact
mechanically with cytoskeletal networks, in particular the actin cortex. The main changes compared to system II
are the properties of the elastic network. Reported values for the shear modulus of the cytoskeleton in intracellular
conditions are similar in range to the nucleus, G ∼ 10 − 100Pa [16]. However, the mesh size of the actin cortex,
ξ ∼ 50− 150nm [17], is much larger than that of chromatin, as it is composed of sparser, stiffer filaments. We take a
radius rf ∼ 2.5nm for F-actin filaments. Ref. [18] reports a surface tension γ ≈ 1µN m−1 for cytoplasmic P-granules.
The permeation stress is thus σp ∼ 0.2 − 2Pa. The range for dimensionless parameters is thus h ∼ 0.2 − 6 and
p ∼ ±10−3 − 0.2. Interestingly, this excludes cavitation (i): permeation (iii) is the predominant scenario, while
microdroplets (ii) remain marginally possible. It is therefore an open question whether permeation actually occurs
in experiments.
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