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Mixtures of several macromolecular species can lead to the formation of higher-order structures
that often display non-ideal mixing behavior. In this work, we propose a minimal model of a
quaternary system which considers the formation of a complex via a chemical reaction involving two
macromolecular species; the complex may then phase separate from the buffer and undergo a further
transition into a gel-like state over time. First, a ternary phase diagram that captures the volume
fraction of each species and phases at equilibrium is constructed. Specifically, we investigate how
physical parameters such as stoichiometric coefficients, molecular sizes and interaction parameters
affect LLPS and aging. Finally, we analyze the thermodynamic stability of the two-phase system and
identify the spinodal regions, and outline the generalization of our approach to reactive biomolecular
systems with an arbitrary number of components.

I. INTRODUCTION

Traditionally, intracellular organization of organelles
has been associated with compartments that are sur-
rounded by membranes. Modern imaging approaches
indicate that membrane-less organelles exist outside of
this classical view [1]. These organelles are micron-sized
clusters comprised of macromolecules such as RNAs and
proteins, which can emerge via liquid-liquid phase sepa-
ration (LLPS), forming droplets (“biomolecular conden-
sates”) [2]. More intriguingly, the dynamics of these
initially liquid-like condensates often slows down over
time, exhibiting viscoelastic or solid-like properties [3, 4].
This time-dependent liquid-to-solid-like transition (“ag-
ing”) is a characteristic behavior associated with sev-
eral neurodegenerative diseases such as Alzheimer’s dis-
ease, Parkinson’s disease and amyotrophic lateral scle-
rosis (ALS) among others [5]. Therefore, the coupling
behavior between LLPS and aging of condensates should
not be overlooked.

The scope of LLPS can be expanded from binary solu-
tions to various systems in which several species of macro-
molecules interact with each other. Bracha et al. de-
signed an oligomerizing biomimetic system (“Corelets”)
to investigate the effects of multivalent interactions of
intrinsically disordered protein regions (IDPs/IDRs) on
LLPS [6]. In their system, a spherical core with multiple
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photo-activatable domains recruit proteins when light is
shone upon it. The new complex structure formed by
the core and proteins behaves distinctly from its con-
stituents, and it can in turn aggregate and phase sep-
arate from the buffer solution to form a liquid conden-
sate. One can perceive this activation/deactivation pro-
cess as a reversible light-induced chemical reaction. In
fact, a number of experiments have already shown that
macromolecules with different sizes and lengths, such as
colloid-polymer solutions [7], cholesterol and phospho-
lipid systems [8] and enzyme-protein mixtures [9, 10],
can readily react to form condensates. Theoretical works
by Corrales and Wheeler [11] and Talanquer [12] were
the first to consider a reversible chemical reaction be-
tween the binary components of a liquid mixture to
produce a third liquid component, which subsequently
phase-separated from the reactant species. Radhakrish-
nan and McConnell [8, 13] in turn extended this idea to
the non-ideal mixing behavior of cholesterol, reactive and
unreactive phospholipids, demonstrating that such mod-
els can be readily applied to systems of biological rele-
vance. More recently, following the approach of Bazant
[14, 15], Kirschbaum and Zwicker formulated a thermo-
dynamically consistent model to study chemical reactions
in the context of biomolecular condensates while account-
ing for different molecular volumes of the reactants [16].

However, existing mesoscale theoretical models of
multi-component LLPS or reaction-induced phase sepa-
ration [16, 17] assume all species to be in a perfect liquid
state, thus ignoring any aging processes which often have
great physical significance in both polymer solutions and
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FIG. 1: Schematic of the reactive macromolecular mixture considered in this work. Two species, X and Y , react to
form a complex, Z, which subsequently phase separates from the buffer. The stoichiometric coefficients are set to
n = 2 and m = 1 in this example.

biomolecular systems. Aging can be caused by different
types of microstructural changes, such as physical gela-
tion and fibril formation. For example, gelatin-methanol-
water mixture experiences phase separation and gelation
[18]; colloid-polymer solutions can undergo gelation [7];
and protein condensates show solid-like properties and
various non-spherical morphologies when aging [19, 20].
To partially address the role of aging on LLPS, Berry
et al. proposed a minimal mesoscale kinetic model for
coupled ternary phase separation, gelation and chemical
reactions [21], but did not provide quantitative results;
hence the need for a unified theory to address these prob-
lems.

To remedy the aforementioned deficiencies in the exist-
ing theoretical approaches, we have developed a general
framework to study the interplay between phase separa-
tion, chemical reactions and aging (gelation) operating
concurrently in a multi-component macromolecular sys-
tem. In this manuscript, we mainly focus on the formu-
lation of the model, construction of phase diagrams, and
identification of spinodal regions. We investigate how
physical parameters such as stoichiometric coefficients,
molecular sizes and interaction parameters affect LLPS
and aging. A detailed study of the coupled diffusive ki-
netics, chemical reactions and aging behavior will be pre-
sented in a separate publication.

II. MODEL FRAMEWORK

We first consider an initially ternary system within
which a reversible chemical reaction occurs between two
molecular species X and Y immersed in a buffer solution
(B); generalization of the model to systems with more
components is briefly outlined in Section IV. Specifically,
X and Y form a complex XnYm (Z) via

nX +mY ↔XnYm ≡ Z, (1)

where n and m denote the stoichiometric coefficients.
The four molecular species defined by their respective
volume fractions, X, Y , Z and B, form a liquid mixture
at equilibrium. The mixture is taken to be incompress-
ible such that B = 1 − X − Y − Z. Figure 1 illustrates
a reaction between two molecules and one long polymer
chain in forming a complex. The complexes subsequently
aggregate to form a macroscopic condensate via LLPS.

Inspired by the approach of Radhakrishnan and Mc-
Connell [8], we define a free energy density for the liquid
mixture

fliquid(X,Y,Z) = X
rx

lnX + Y

ry
lnY + Z

rz
(lnZ + µz)

+B lnB + χxyXY + χxzXZ + χyzY Z

+ χxbXB + χybY B + χzbZB,

(2)

where rx, ry and rz denote degrees of polymerization
of X, Y and Z. In this model, all chemical potentials
are constant and set equal to zero for convenience, with
the exception of the chemical potential of the complex,
µz = − lnK, where K denotes the equilibrium constant.
The interaction parameters χij determine whether two
different species (i and j) attract or repel each other,
which in turn control the global mixing/demixing behav-
iors.

Phase separation of polymers in solution may in addi-
tion induce strong associations in the form of cross-links
or microcrystals between parts of the polymer chains,
leading to the formation of a thermoreversible, physical
gel [18, 22]. To incorporate gelation of the biomolecular
mixtures simultaneously with phase separation, an order
parameter φ ∈ [0,1] is employed to quantify the gel con-
centration. The liquid-to-gel transition within the clus-
ters of molecular complexes is captured using the simple
free energy density [23]

fgel(Z,φ) = fg [−
g(Z)

2
φ2 + φ

3

3
] , (3)



3

FIG. 2: Effects of varying interaction parameter, equilibrium constant and gelation criterion on phase behavior of
the quaternary mixture at fixed stoichiometry (n =m = 1), molecular volumes (vx = vy = 1) and degrees of
polymerization (rx = ry = rz = 1). The interaction parameter, equilibrium constant and gelation criterion were set to:
(a) χzb = 4, K = 100, Z∗ = 0.6 and p = 0.8; (b) χzb = 3, K = 100, Z∗ = 0.6 and p = 0.8; (c) χzb = 3, K = 10, Z∗ = 0.6
and p = 0.8; (d) χzb = 3, K = 10, Z∗ = 0.2 and p = 0.8.

where fg > 0 denotes a characteristic energy density scale,
and the term g (Z) couples gel concentration to the com-
plex volume fraction via

g(Z) = pZ −Z∗
1 −Z∗ , (4)

where

p = exp (∆Fc/kBT )
1 + exp (∆Fc/kBT ) . (5)

The parameter p denotes the fraction of the monomers in
the polymer which are in the proper configuration to form
cross-links, such that pZ is the volume fraction of cross-
links in the system. ∆Fc denotes the change in energy
when forming a cross-link in the chain, and kB and T
are Boltzmann constant and temperature, respectively.
Z∗ in turn denotes the critical complex volume fraction
necessary to form a gel. The form of fgel (Z,φ) ensures
that gelation only occurs when the condition pZ > Z∗ is
satisfied. Together, the total free energy of the system
with total volume V is thus written as

F

kBT
= V [fliquid(X,Y,Z) + fgel(Z,φ)] . (6)

Equation (6) forms the starting point of the analysis of
the coupled phase separation and aging behavior of the
(effectively) quaternary system.

III. RESULTS

A. Ternary phase diagram

Phase diagrams are very useful in describing composi-
tions and phase behaviors of a system, including phase
coexistence and nature of phase transitions (e.g., contin-
uous vs. discontinuous). While multi-component phase
diagrams have been widely used in the field of materi-
als science, they rarely appear in the context of biologi-
cal and chemically reactive systems. Veatch and Keller
mapped phase boundaries of DPPC/DOPC/Chol mix-
ture on a ternary phase diagram [24]. Radhakrishnan
and McConnell in turn calculated the phase diagram for
cholesterol and two phospholipids highlighting two-phase
coexistence region [13]. More recently, Shin and Brang-
wynne proposed a hypothetical phase diagram for pro-
tein condensates, which incorporates phase coexistence
and phase transitions between liquid, disordered “glassy”
and solid/crystalline states [3].

To better understand the interplay between LLPS and
gelation, we have constructed ternary phase diagrams of
X, Y andB describing a reactive system that has no com-
plex initially. The number fraction of the complex formed
by chemical reaction, γ, serves as a reaction progress pa-
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FIG. 3: Effects of varying stoichiometric coefficients of the reaction on phase behavior of the quaternary mixture at
fixed interaction and gelation parameters (χzb = 3, K = 10,Z∗ = 0.2 and p = 0.4), molecular volumes (vx = vy = 1) and
degrees of polymerization (rx = ry = rz = 1). The stoichiometric coefficients were set to: (a) n =m = 1; (b) n = 5,
m = 1; (c) n = 1, m = 5; (d) n = 2, m = 5.

rameter [8]. Then, the volume fraction of the complex
formed can be expressed as Z = vzγ, considering volume
conservation during the reaction, vz = nvx +mvy, where
vx, vy and vz denote molecular volumes of X, Y and Z,
respectively [16]. We can express fliquid as a function of
initial volume fractions for X and Y , x0, y0, and reaction

progress parameter with range 0 ≤ γ ≤ min ( x0

nvx
, y0

mvy
):

fliquid (x0, y0, γ) =
(x0 − nvxγ)

rx
ln (x0 − nvxγ)

+ (y0 −mvyγ)
ry

ln (y0 −mvyγ) +
vzγ

rz
[ln (vzγ) − lnK]

+ (1 − x0 − y0) ln (1 − x0 − y0) + χyzvzγ (y0 −mvyγ)
+ χxy (x0 − nvxγ) (y0 −mvyγ) + χxzvzγ (x0 − nvxγ)
+ [χxb (x0 − nvxγ) + χyb (y0 −mvyγ)] (1 − x0 − y0)
+ χzbvzγ (1 − x0 − y0) .

(7)
The computed phase diagrams are then constructed by
first minimizing fliquid (x0, y0, γ) with respect to γ for
given values of x0 and y0. The value of γ obtained, γmin,
then yields a free energy function fliquid (x0, y0, γmin),
from which the phase diagram can be calculated via the
convex hull construction [17, 25]. The algorithm not only
determines phase coexistence regions, but also automat-
ically generates tie-lines in those regions, thus determin-

ing the equilibrium compositions and complex volume
factions.

To illustrate how model parameters affect the phase
behavior of the quaternary system, we next consider a
simple case in which there only exists a repulsive inter-
action between Z and B, controlled by a positive χzb

parameter, while all other interaction parameters are set
to zero. The phase diagrams shown in Fig. 2 describe
symmetric systems with fixed n = m = 1, vx = vy = 1,
rx = ry = rz = 1, but different values for χzb, K, Z∗ and
p. The white areas represent two-phase coexistence re-
gions, in which the mixture will phase separate into a
complex-poor and complex-rich phase as dictated by the
tie-lines (dashed lines). Outside of the two-phase coex-
istence region is the single-phase region representing a
homogeneous mixture of X, Y , Z and B at equilibrium
colored by the equilibrium complex volume fraction. The

gelation regions are shaded in grey for Z > Z∗

p
= Zgel;

Zgel was set to 0.75 in the phase diagrams in Figs. 2a,
b and c and 0.25 in Fig. 2d. In Fig. 2a, three choices
for initial compositions x0 and y0, (0.15,0.1), (0.15,0.4)
and (0.15,0.75), are labelled as red, blue and green stars,
respectively. Each of these systems yields a markedly dif-
ferent outcome: mixture initiated at red star will phase
separate and undergo gelation in the condensed complex
phase as the right end of the tie-line enters gelation re-
gion; mixture initiated at blue star will phase separate
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FIG. 4: Effects of varying molecular volumes and degrees of polymerization on phase behavior of the quaternary
mixture at fixed stoichiometric coefficients (n = 2, m = 1) and interaction and gelation parameters (χzb = 3, K = 10,
Z∗ = 0.4 and p = 0.6). The volumes and degrees of polymerization of each species were set to: (a) vx = vy = 1,
rx = ry = rz = 1; (b) vx = 5, vy = 1, rx = ry = rz = 1; (c) vx = 1, vy = 5, rx = ry = rz = 1; (d) vx = 1,vy = 5, rx = rz = 1,
ry = 5.

without experiencing any gelation; and initializing the
system at the green star yields a homogeneous liquid so-
lution with no gelation.

Upon decreasing the repulsive interaction between Z
and B, the two-phase coexistence region in Fig. 2b
shrinks in the direction perpendicular to the tie-lines.
Similarly, when the formation of the complex phase be-
comes less favorable chemically via a ten-fold decrease in
K, the two-phase coexistence region moves further away
from the B corner, as shown in Fig. 2c. In addition,
we observe that the two-phase coexistence and gelation
regions no longer overlap, indicating that all phase sepa-
rated domains will remain liquid-like. On the contrary, in
Fig. 2d, with Zgel = 0.25, the entire right boundary of the
two-phase coexistence region resides within the gelation
region, indicating that all initial compositions inside the
two-phase coexistence region lead to formation of a gel
(either confined to droplets or system-spanning network
as dictated by the volume fraction of Z). We note that
there is also a distinct possibility of forming a gel net-
work without phase separation if the initial composition
is inside the single-phase gelation region.

The effects of stoichiometric coefficients on coupled
phase separation and gelation behavior of the system
were also investigated by systematically varying n and
m in the reaction between two small molecule species,

defined by the constants vx = vy = 1, rx = ry = rz = 1. In
addition, p = 0.4 and Zgel = 0.5 were kept fixed in all the
four cases shown in Fig. 3. Now, Fig. 3a shows a symmet-
ric phase diagram with n =m = 1. In Fig. 3b, we consider
a different stoichiometric ratio for the reaction between
X and Y , namely 5X + Y ↔ Z. The resulting phase di-
agram displays a markedly asymmetric two-phase coex-
istence region and complex volume fraction distribution.
This is simply due to fact that in forming the complex,
the system consumes more X than Y , and hence the
phase diagram becomes skewed towards high X volume
fraction. Setting n = 1 and m = 5 naturally yields a phase
diagram which is mirrored by the line X = Y (Fig. 3c).
Finally, changing the stoichiometric ratio to n = 2, m = 5
gives rise to a phase diagram (cf. Fig. 3d) closer to the
symmetric case, in agreement with intuition.

We have also studied the effects of different molecu-
lar volumes and degrees of polymerization on the phase
behavior of the system. To this end, Fig. 4a describes
two species with equal size and degree of polymerization
as discussed in Figs. 2 and 3. The co-existence region is
slightly skewed towards X-axis as we set n = 2, m = 1,
χzb = 3, K = 10, Z∗ = 0.4 and p = 0.6, which are held con-
stant for all four representative cases. If X represents a
larger “blob” than Y , e.g., vx = 5, vy = 1, rx = ry = rz = 1,
the phase diagram again becomes strongly skewed to-
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wards high X volume fractions (Fig. 4b). If we now re-
verse the volumes for X and Y , i.e. vx = 1 and vy = 5, we
observe that the phase diagram in Fig. 4c is identical to
that in Fig. 3d except for the gelation region. This is due
to the fact nvx and mvy show up as products in Eq. (7),
resulting in the same free energy.

Next we consider a more complex case where a long
polymer Y with volume vy = 5, reacts with two small
X molecules with volume vx = 1. The polymer also has
higher degree of polymerization than the small molecule,
such that rx = 1, ry = 5, and the complex has a gran-
ular structure with rz = 1. The phase diagram in this
case (cf. Fig. 4d) becomes more skewed towards the Y -
axis and the two-phase coexistence region is significantly
larger than the previous cases (while keeping χzb and
K fixed), implying that higher degrees of polymeriza-
tion may facilitate LLPS and/or gelation at lower volume
fractions of X and/or Y .

B. Spinodal behavior

LLPS may proceed either via nucleation and growth
or spinodal decomposition. In the spinodal region, the
mixture becomes globally unstable towards small com-
positional fluctuations and results in spontaneous phase
separation without nucleation. Identifying such regions
is important for both numerical simulations and experi-
ments. Thus, in addition to the phase boundaries (bin-
odal lines) displayed in the phase diagrams in Figs. 2,
3, and 4, we have also determined the spinodal regions
via a standard quadratic approximation. That is, for a
given initial composition (x0, y0), we expand fliquid from

Eq. (7) up to 2nd order in the compositional variations:

fliquid(x, y) ≈ fliquid (x0, y0) + ∇⃗fliquid (x0, y0) ⋅ [
x − x0
y − y0]

+ 1

2
[x − x0, y − y0]Hf (x0, y0) [

x − x0
y − y0] ,

(8)
where Hf (x0, y0) denotes the Hessian matrix (2 × 2) for
fliquid(x, y) evaluated at (x0, y0). The spinodal region
is identified as the one wherein at least one of the two
eigenvalues of Hf is negative, while both the binodal and
one-phase regions will have two positive eigenvalues, as
appropriate for a concave-up free energy landscape.

Having thus identified the thermodynamically unstable
regions, we then delineate them in the phase diagrams as
shown in Fig. 5. As a consistency check, we note that
the spinodal lines intersect the binodals only at the two
critical points, for both symmetric (cf. Fig. 5a) and asym-
metric (cf. Fig. 5b) cases. We further identify inside the
spinodal regions the initial compositions where spinodal
decomposition and gelation happen concurrently (colored
as orange). It is noteworthy that even though the gela-
tion regions make only small “excursions” within the two-
phase coexistence regions, significant fractions of the ini-
tial compositions within the spinodals – those easily trig-

FIG. 5: Two representative phase diagrams with
significantly overlapping spinodal and gelation regions.
The parameter values employed in the construction of
the phase diagrams were set to: (a) n =m = 1,
vx = vy = 1, rx = ry = rz = 1, χzb = 4, K = 100, Z∗ = 0.4
and p = 0.6; and (b) n = 2, m = 1, vx = 1,vy = 5,
rx = rz = 1, ry = 5, χzb = 3, K = 10, Z∗ = 0.4 and p = 0.6.
Even though the gelation regions make only small
“excursions” within the two-phase coexistence regions,
significant fractions of the initial compositions within
the spinodals would lead to phase separated gel-like
domains.

gered to display phase separation either numerically or
experimentally – would lead to phase separated gel-like
domains.

IV. CONCLUSIONS

In this work, we have formulated a thermodynamic
model that captures chemical reactions, phase separation
and gelation of macromolecular mixtures occurring con-
currently. We have shown that chemical reactions may
significantly alter the phase behavior when considering
the effects of different stoichiometric coefficients, poly-
mer sizes, degrees of polymerization, equilibrium con-
stants and interaction strengths. Marked asymmetries in
the phase diagrams were observed for systems in which
the stoichiometric coefficients, molecular volumes and/or
degrees of polymerization were significantly different be-
tween the two reactant molecular species. Furthermore,
numerical identification of the spinodal regions demon-
strated that in systems in which the gelation region over-
laps with the two-phase coexistence one, large fractions
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of initial compositions within the spinodal regions would
lead to phase separated gel-like domains.

Generalization of our model to systems with even
larger numbers of components is straightforward. To
this end, consider an N -component system (where N
accounts for all molecular species present, including re-
actants, products and un-reactive ones) with volume
fractions ϕi subject to the incompressibility constraint
∑N

i ϕi = 1. Here the reactions are not restricted to bi-
nary ones, and we make the assumption that the reac-
tants/products in one reaction do not react with other
reactants/products. For M reversible reactions, we de-
fine an M ×N stoichiometric matrix Sij . Equation (1)
then generalizes to

N

∑
j=1

Sijϕj = 0 for i = 1, ...,M, (9)

where the products (reactants) have positive (negative)
entries for Sij . Furthermore, let us define an M × N
“participation matrix” Pij such that Pij = 1 if the jth

component participates in the ith reaction while Pij = 0
otherwise. Now, volume conservation is enforced via the
M constraints

N

∑
j=1

Sijvj = 0 for i = 1, ...,M. (10)

The free energy density in Eq. (2) then generalizes to

fliquid ({ϕj}) =
N

∑
j=1

ϕj

rj
(lnϕj + µj)+

1

2

N

∑
j,k=1

χjkϕjϕk, (11)

where by convention χjk = 0 for j = k. Once the sto-
ichiometric matrix Sij , the interaction matrix χjk and
the chemical potentials µj have been specified, phase di-
agrams can be constructed by following the procedure as
in the quaternary system. That is, Eq. (7) can be gener-
alized by introducing M reaction progress parameters γi

for all distinct reactions:

fliquid ({ϕ0
j} ,{γi})

=
M

∑
i=1

N

∑
j=1

Pij{
ϕ0
j + Sijvjγi

rj
[ln(ϕ0

j + Sijvjγi) + µj]

+ 1

2

N

∑
j,k=1

χjk (ϕ0
j + Sijvjγi) × (ϕ0

k + Sikvkγi)}

+
M

∑
i=1

N

∑
j=1

(1 − Pij)[
ϕ0
j

rj
(lnϕ0

j + µj) +
1

2

N

∑
j,k=1

χjkϕ
0
jϕ

0
k],

(12)
where ϕ0

j denotes the volume fraction of species j be-
fore mixing, thus the volume fractions of the products
are initially zero. Subsequently, γi,min can be computed

by minimizing fliquid ({ϕ0
j} ,{γi}) with respect to the γi

with ease as the reactions are non-interfering with one
another. The phase diagram can be calculated using the
same procedures as discussed in Section III. Although the
convex hull construction is conceptually straightforward,
it is computationally challenging for higher-dimensional
systems, e.g., N > 6 [17]. In addition, assuming any
species in the mixture can form a gel φj with a distinct
microstructure, Eq. (3) and Eq. (4) can be generalized to

fgel({ϕj , φj}) =
N

∑
j=1

f jg [−g (ϕj)
2

φ2j +
φ3j

3
] (13)

and

g ({ϕj}) =
pjϕj − ϕ∗j

1 − ϕ∗j
, (14)

respectively.
Finally, it is important to stress that for quantifying

the full non-equilibrium behavior of phase-separating sys-
tems which may or may not display aging, phase dia-
grams alone will not suffice; one has to resolve the full
spatio-temporal dynamics of the molecular species and
their aging behavior. To this end, we have implemented
a thermodynamically consistent formulation of the dy-
namics, derived from an extension of Eq. (2) to spatially-
varying volume fractions and supplanted with appropri-
ate mass conservation laws and reaction kinetics. This al-
lows us to further generalize the N -component system to
more complex scenarios in which reactants/products are
not restricted to only one reaction. The detailed results
including numerical simulations, the interplay between
kinetics and morphology will be presented in a separate
manuscript currently in preparation for submission.
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